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We present the temperature and density dependence of symmetry energy for nuclear matter at ﬁnite
temperatures based on the thermodynamics approach with the Skyrme energy density functional. We
ﬁrst classify the Skyrme interactions into 7 groups according to their ranges of the variation of neutron
and proton effective masses with densities in neutron matter limit (99.99 percent neutron in the matter).
We ﬁnd that there is an obvious correlation between the temperature dependence of the symmetry
energy and the splitting of neutron and proton effective mass. For the Skyrme interactions with m∗n >m∗p
and the strong neutron and proton effective mass splitting in asymmetric nuclear matter, a transition
of symmetry energy from decreasing with temperature at low densities to increasing with temperature
at high densities appears. For other Skyrme interactions, we do not observe this phenomenon and the
symmetry energy decreases with temperature in the entire density region.
© 2011 Elsevier B.V. Open access under CC BY license.The symmetry energy for nuclear matter Esym is very important
for understanding not only the structure of nuclei far from the β
stability line, the dynamics and many interesting phenomena in
the reactions of isospin asymmetric nuclei but also many critical
issues in astrophysics [1]. Recent research on the symmetry en-
ergy for cold nuclear matter has already achieved a great progress,
and some constraints on the density dependence of the symmetry
energy at subnormal densities have been set [2–6]. However, the
density dependence of the symmetry energy at high densities ex-
tracted from the ratio of π−/π+ and other observables in heavy-
ion collisions at intermediately high energies are extremely model
dependent and divergent [7,8]. Moreover, for heavy-ion collisions
at intermediately high energies, the system should be heated.
Therefore, in addition to the density dependence, the temperature
dependence of the symmetry energy is also of fundamental impor-
tance for heavy ion collisions with nuclei away from the β-stability
line as well as for astrophysics. However, the way that the symme-
try energy depends on temperature is even unclear[9,12,10] and
only a small amount of information on the symmetry energy at
very low temperature has been previously extracted from experi-
mental low density and very measurement in heavy-ion collisions
up to now [11].
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Open access under CC BY license.The symmetry energy for hot nuclear matter can be expressed
as
Esym(ρ, T ) = E(ρ, T , δ = 1) − E(ρ, T , δ = 0). (1)
E(ρ, T , δ) is the energy per nucleon for nuclear matter with den-
sity ρ , temperature T , isospin asymmetry δ = ρn−ρpρ , where ρn , ρp ,
and ρ are the neutron, proton and nucleon density of the system,
respectively. It gives an estimation of the energy cost to convert
all protons in symmetric nuclear matter (SM) to neutrons at ﬁxed
temperature T and density ρ .
In addition to the symmetry energy, the splitting of the neutron
and proton effective mass (EFM) is also a hot topic in the study of
the properties of asymmetric nuclear matter [13,14]. The results of
the neutron and proton EFM splitting predicted by different effec-
tive interactions are rather different [9,15–19]. Both the symmetry
energy and the neutron and proton EFM splitting closely relate
to the isospin dependence of the nuclear interactions. The natural
question is as follows: does the splitting of the neutron and pro-
ton EFM inﬂuence the temperature and density dependence of the
symmetry energy? In this Letter we will ﬁrst study the symmetry
energy at ﬁnite temperature and then investigate the correlation
between the EFM splitting and the density and temperature de-
pendence of symmetry energy. The approach of thermodynamics
with the Skyrme energy-density functional is applied in this work.
The Skyrme energy-density functional reads
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The occupation-number distribution for species q, nq(p), obeys the
Fermi–Dirac distribution function, which reads
nq(p) = 1
1+ exp[β(εq − μq)] . (5)
εq = p22m∗q + Uq is the single particle energy for species q. μq is the
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Introducing the effective chemical potential μ′q = μq − Uq , then
nq(p) = 1
1+ exp[β(p2/2m∗q − μ′q)] . (8)
By solving Eqs. (3) and (8) with EFM depending on the density
iteratively for any pair of μ′n and μ′p we can obtain the proton
and neutron density ρp and ρn at temperature T . The energy per
nucleon in neutron matter (NM) and SM can then be calculated
by using Eqs. (4) and (7). Finally, the symmetry energy at ﬁnite
temperature can be calculated.
Because the nucleon EFM is explicitly involved in the iteration
process, we ﬁrst make a general survey of the density dependence
of the neutron and proton EFM for various Skyrme interactions.
Ninety-four Skyrme interactions were tested. They can be dividedinto 7 groups according to their ranges of the variation of the neu-
tron and proton EFMs with densities. Table 1 presents the groups
of Skyrme interactions and the corresponding ranges of m∗/m in
SM and NM. The m is the bare nucleon mass. In this work, the NM
is always referred to using a nuclear matter limit of 99.99 percent
neutrons in the matter. For convenience, the EFM m∗ discussed
in the following text always refers to the ratio m∗/m (the scaled
effective mass), which should not be confused with the EFM m∗q
appeared in expressions (6) and (8). In SM, the neutron and pro-
ton EFMs are equal and all Skyrme interactions simply belong to
three groups: (I) m∗ > 1 and increases with density increasing;
(II) m∗ = 1 and is independent of density; and (III) m∗ < 1 and
decreases with increasing density. Most of Skyrme interactions be-
long to the group (III). For asymmetric nuclear matter, the situation
becomes more complex because of neutron–proton EFM splitting.
The splitting of the neutron and proton EFM in asymmetric mat-
ter is currently empirically unknown [9]. The theoretical results on
the splitting of the neutron and proton EFM are highly controver-
sial among different approaches and effective interactions. Table 1
shows that only a few Skyrme interactions belong to groups I, II,
and III. Most Skyrme interactions belong to groups IV to VII with
splitting of the neutron and proton EFM. For interactions in groups
IV and V m∗n >m∗p , while for those in groups VI and VII m∗n <m∗p .
Now let us address the density and temperature dependence of
the symmetry energy in hot nuclear matter. As a typical example,
Fig. 1 shows the symmetry energies in nuclear matter at temper-
atures T = 0, 5, 10 and 20 MeV calculated with different Skyrme
interactions. The 9 subﬁgures in Fig. 1 are ordered according to the
magnitude of the R0m for the applied Skyrme interactions. Here we
introduce the ratio Rm = m
∗
1
m∗0
, where the subscripts 0 and 1 indicate
the isospin asymmetry δ = 0 (for SM) and 1 (for NM), respectively,
to characterize the strength of the splitting of the neutron and pro-
ton EFM for the Skyrme interaction. The quantity R0m presented in
each subﬁgure is the value of Rm at normal density. Obviously, Rm
is proportional to the neutron and proton EFM splitting in asym-
metric matter. The values of R0m for Skyrme interactions in groups
IV and V are always larger than 1 and those in groups VI and VII
are smaller than 1. It is known that the symmetry energies for cold
nuclear matter calculated from different Skyrme interactions are
largely divergent, especially at high densities. We can also classify
the Skyrme interactions into two groups, A and B, according to the
trend of the density dependence of the symmetry energy in cold
matter. For the group A, namely the Skyrme interactions such as
SLy7, SkT5, SkMP, and SkM, etc., the nuclear symmetry energy in-
creases monotonically with density. For the group B, namely the
Skyrme interactions such as Skz3, SIII, SKXm, SkP and v070, the
nuclear symmetry energy ﬁrst increases with density until reach-
ing a certain density, then begins decrease as the density further
increases and eventually becomes negative. Group A corresponds
to the group I and group B corresponds to groups II and III in
Ref. [20]. Fig. 1 shows that there is no obvious correlation between
the trend of the density dependence of the symmetry energy in
cold matter and the magnitude of the R0m of the corresponding
Skyrme interactions. Concerning the temperature dependence of
the symmetry energy, one sees that the nuclear symmetry energy
decreases with increasing temperature at all densities for Skyrme
interactions with small R0m , such as SLy7, Skz3, Skt5 and SkMP,
etc., in agreement with the results given in [9]. However, for SkM,
SKXm, SkP and v070 with large R0m the symmetry energy de-
creases with increasing temperature at low density and increases
with temperature when the density is higher than a certain den-
sity. We call this phenonon the transition of the temperature de-
pendence of the symmetry energy (TrTDSE). Table 1 shows that the
Skyrme interactions, such as SkM, SKXm, SkP, and v070 for which
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The ranges of the neutron and proton EFMs, m∗/m, in SM and NM calculated with various Skyrme interactions.
Group SM NM (99.99 percent neutrons)
I m∗p =m∗n >1 BSk1∼3, MSk2, MSk4∼6, SVII, SKXce, v series BSk1, MSk2, MSk4∼6, v105
II m∗p =m∗n =1 MSk1, MSk3, SkP, SkSC1∼4, SkT1∼6 MSk1, MSk3, SkSC1∼4, SkT1∼6
III m∗p =m∗n <1 BSK4∼17, Es, FitB, Gs, RATP, Rs, SGI, SGII, SI∼VI, SIII*, SKRA,
SkI1∼6, SkM1, SkM, SkM*, SkMP, SkO, SkT7∼9, SKX, SKXm,
Skz series, SLy series, Zs
SkT8, SkT9
IV m∗p < 1 <m∗n BSK2∼5, BSK10∼13, Es, FitB, SI, SkP, SKX, SKXce, SKXm, Skz-1,
Skz0, SVI, SVII, v070, v075, v080, v090, v100
V m∗p <m∗n <1 BSK14∼17, Gs, RATP, Rs, SGI, SGII, SII∼SV, SIII*, SKRA, SkM, SkM1,
SkMP, SkM*, SkO, SkT7, Skz1, Skz2, Zs
VI 1 >m∗p >m∗n BSK6∼9, SkI1∼6, Skz3, Skz4, SLy-series
VII m∗p >m∗n > 1 v110the TrTDSE phenomenon occurs all belong to groups IV and V, sat-
isfying m∗n >m∗p . The density for the onset of the TrTDSE depends
on the magnitude of the R0m of the corresponding Skyrme interac-
tions. The larger R0m is, the lower the density for the TrTDSE onset
is. For the case of SIII, we ﬁnd that the symmetry energy at ﬁ-
nite temperature is very close to that of cold matter up to ρ  4ρ0
where our calculation stops. For the Skyrme interactions belonging
to the groups I–III, VI and VII (not satisfying m∗n >m∗p), the TrTDSE
phenomenon will not occur.
To explore the onset condition of TrTDSE in hot matter more
quantitatively, we study the difference between the symmetry en-
ergy in nuclear matter at temperature T and that in cold matter,
which reads as
	Esym(ρ, T ) = Esym(ρ, T ) − Esym(ρ,0)
=
(
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t1(1 + 2x1)]. It is easy to extend Eq. (9) to Esym(ρ,	T ) with
	T = T2 − T1. Rτ in (9) is the ratio between the increase in
kinetic-energy density from T = 0 to T = T in NM and that in
SM, i.e., Rτ = τ
T
1 −τ 01
τ T0 −τ 00
where the subscripts 0 and 1 indicate the
isospin asymmetry δ = 0 and 1, respectively. The ﬁrst factor in the
expression (9) depends only on the Skyrme interaction parameters
and is always positive up to ρ = 2ρ0 for the Skyrme interactions
involved in this work (in fact, for some Skyrme interactions this
density can be much higher than 2ρ0). The second factor is always
positive. Consequently, the sign of 	Esym(ρ, T ) is determined by
the third factor. If Rm/Rτ >1 the symmetry energy decreases with
temperature, otherwise, it increases with temperature. Rm depends
explicitly on the splitting of the neutron and proton EFM. Now let
us investigate how Rτ is also inﬂuenced by the EFM splitting. Be-
fore coming to this point, we make systematic calculations with
Skz-1, Skz2, and Skz3. The results are shown in Fig. 2. We notice
that the predictions for the isoscalar part of the equation of state
from the Skz-series Skyrme interactions are the same, but those
for isovector part are different. Moreover Skz-1, Skz2, and Skz3
belong to groups IV, V, VI, respectively. Therefore, they are very
suitable for exploring the correlation between the temperature de-
pendence of the symmetry energy and the nucleon EFM splitting.
In Fig. 2, the top panel shows the density dependence of symmetry
energies at T = 0, 5, 10 and 20 MeV. The second panel shows the
energies per nucleon in NM and SM at T = 0 and 20 MeV, where
the energies per nucleon in SM are the same for the three inter-
actions because they have the same isoscalar part. The third panel
shows the nucleon (neutron) EFMs in SM and NM, and the bot-
tom panel shows the density dependence of Rm , Rτ , and Rm/Rτat T = 20 MeV. The results calculated with other Skyrme inter-
actions in the Skz-series are similar to those with one of these
three Skz interactions. We ﬁrst investigate the calculation results
with Skz-1, the strong neutron and proton EFM splitting case with
R0m = 1.84. One sees from Fig. 2(c1) that the neutron EFM in NM
is larger than 1 and rapidly increases with density, the proton EFM
is smaller than 1 and decreases with density even more rapidly,
and the nucleon EFM in SM is between these two cases and de-
creases with density, which causes Rm to increase with density
quickly, as shown in Fig. 2(d1). From Fig. 2(b1), one sees that the
energy per nucleon increases with density in NM and that de-
creases with density in SM for both the T = 20 and T = 0 MeV
cases. However, these increasing and decreasing slopes are differ-
ent for T = 20 and T = 0 MeV. As a result, the symmetry energy
at T = 20 MeV becomes higher than that at T = 0 MeV when
ρ > 0.75ρ0 (Fig. 2(a1)). One can even easily ﬁnd from Fig. 2(d1)
that the Rm/Rτ for the T = 20 MeV case becomes smaller than 1
when the density exceeds about 0.75ρ0 and therefore the sym-
metry energy becomes larger than that in the T = 0 MeV case
from Eq. (9). In the middle and right columns of Fig. 2, we show
the results calculated for Skz2 and Skz3. For Skz2 (m∗n > m∗p with
R0m = 1.13) and Skz3 (m∗n < m∗p with R0m = 0.91), the splitting of
the neutron and proton EFM is small. The values of Rm/Rτ are
larger than 1 at T = 20 MeV for both cases (see Fig. 2(d2), (d3)),
and thus the symmetry energies for these two cases decrease with
temperature in entire densities. The strength of the decrease in
symmetry energy with temperature depends on the magnitude
of Rm/Rτ . The calculation results for v-series Skyrme interactions
have similar behavior to those for the Skz-series.
To understand which factors inﬂuence Rτ , let us start from
the expression (5) or (8) for nq(p). For cold matter, nq(p) is a
step-function and the momenta of all particles are within the
Fermi momentum sphere with knf = kpf = (3π2ρ/2)1/3 for SM
and knf = (3π2ρ)1/3 for NM. For hot matter, we know from the
expressions (5) or (8) that the deviation of nq(p) from a step-
function depends on the density (related to the chemical potential
term in (5) and (8)) and the nucleon EFM in the matter (related
to the kinetic energy of nucleon in (8)) when the temperature is
ﬁxed. More explicitly, the deviation of nq(p) for hot matter from
a step-function is larger for a system with a lower density and a
larger nucleon EFM. In Fig. 3, we show nq(p) as a function of mo-
mentum at T = 0 and 20 MeV calculated with Skz-1 and Skz2, re-
spectively. The left and right panels are for the cases of ρ = 0.3ρ0
and ρ = 1.5ρ0, respectively. The solid and dashed lines in the ﬁg-
ure denote nq(p) for neutrons (protons) in SM and neutrons in NM
at T = 0, respectively. The excessive kinetic energy needed for con-
version of all protons in SM into neutrons in NM comes from the
excessive neutrons in nq(p) in NM as compared with that in SM,
which is one of the origins of the symmetry energy for cold mat-
L. Ou et al. / Physics Letters B 697 (2011) 246–250 249Fig. 1. (Color online.) Density dependence of the symmetry energy at T = 0, 5, 10 and 20 MeV calculated with different Skyrme interactions. The range of neutron and proton
EFM and the ratio, R0m , between the neutron EFMs in NM and SM at the saturation density for the corresponding Skyrme interactions are also presented in each sub-ﬁgure.
Fig. 2. (Color online.) (Top row) The symmetry energy at T = 0, 5, 10 and 20 MeV, (second row) the energy per nucleon at T = 0 and 20 MeV in NM and SM, (third row) the
neutron and proton EFMs in NM and SM, (bottom row) the Rm , Rτ , and Rm/Rτ at T = 20 MeV as a function of density calculated with Skz-1, Skz2 and Skz3 interactions,
respectively.ter. For the matter at ﬁnite temperature, the calculated results of
nq(p) are shown by the lines with symbols in the ﬁgure. The calcu-
lation results are just as expected. From Figs. 3(a) and 3(c) for the
low density ρ = 0.3ρ0 case we ﬁnd that the nq(p) at T = 20 MeV
for both δ = 0 and δ = 1 deviates largely from a step-function, but
there is no obvious difference between the results from Skz-1 and
Skz2 due to the low matter density. For the high density ρ = 1.5ρ0
case, the results of nq(p) (right panel) in SM (δ = 0) at T = 20 MeV
calculated with Skz-1 and Skz2 are the same because the iso-scalar
parts of two interactions are the same and both deviate less dra-
matically from a step-function. However, the results of nq(p) in NM(δ = 1) calculated with Skz-1 and Skz2 are quite different. For the
case with Skz2 (Fig. 3(d)), the deviation of the nq(p) in NM from
a step-function is almost the same as (or even weaker than) that
in SM and the ratio Rτ becomes smaller than 1 (see Fig. 2(d2)),
which causes the Rm/Rτ at T = 20 MeV to be larger than 1 (be-
cause Rm > 1). Consequently, the symmetry energy at T = 20 MeV
becomes smaller than that at T = 0. Whereas for the case with
Skz-1, the nn(p) at T = 20 MeV in NM deviates strongly from
that at T = 0 MeV (Fig. 3(b)), and its very long tail means that
a large portion of neutrons are excited from the inside to the out-
side of the Fermi momentum sphere and that quite a large part of
250 L. Ou et al. / Physics Letters B 697 (2011) 246–250Fig. 3. (Color online.) The neutron (proton) occupation-number distribution func-
tions in NM and SM at T = 0 and 20 MeV calculated with Skz-1 and Skz2.
them have very large momenta. Consequently, the kinetic energy
increases drastically. Thus, Rτ becomes quite large at high density
and even larger than Rm (which is larger than one). Finally, Rm/Rτ
at high densities becomes smaller than 1 and the symmetry energy
at high density at T = 20 MeV is enhanced as compared with cold
matter. From the above discussion, we ﬁnd that the splitting of
the neutron and proton EFM inﬂuences Rτ through the difference
between the nq(p) in SM and that in NM. This effect on Rτ can
even be ampliﬁed as compared with that on Rm for some Skyrme
interactions. Ultimately, the splitting of neutron and proton EFM
inﬂuences the trend of the density dependence of symmetry en-
ergy in hot matter. For some Skyrme interactions, such as Skz-1
which has strong splitting of the neutron and proton EFM and
m∗n >m∗p , the onset of the TrTDSE at a certain density, usually a su-
pernormal density, causes the symmetry energy to be stiffer in hot
matter than that in cold matter. For other Skyrme interactions, the
splitting of the neutron and proton EFM causes the symmetry en-
ergy to be softer in hot matter than that in cold matter. Generally,
if the Skyrme interaction belongs to group IV or V and also its R0m
is much larger than 1, the TrTDSE will occur at a certain density.
The density of the TrTDSE onset depends on the magnitude of the
splitting of the neutron and proton EFM in asymmetric matter. To
experimentally probe the TrTDSE or the temperature and density
dependence of the symmetry energy, it is necessary to simultane-
ously measure the observables, such as the transverse momentum
spectrum of protons (pions, or other light charged particles) to de-
termine the temperature [21] and those that are sensitive to the
symmetry energy at high densities (such as the ratio between the
yields of different charged pions, π−/π+) to extract the symme-
try potential in heavy ion collisions with isospin asymmetric nuclei
at intermediately high energies. Currently, the highly contradictive
results about the symmetry energy at high density extracted from
experimental data may have some relationship to the unclear tem-
perature dependence of the symmetry energy.
In summary, we have investigated the temperature and density
dependence of the symmetry energy in hot nuclear matter using
the thermodynamics approach with Skyrme energy-density func-
tional. We ﬁrst classiﬁed the Skyrme interactions into 7 groups
according to their ranges of the variation of the neutron and
proton EFM with density in the NM limit. Next we studied the
temperature dependence of symmetry energy for different Skyrme
interactions. For some Skyrme interactions, the symmetry energy
decreases with temperature in the entire density region, meaningthat the symmetry energy in hot matter is softer than that in cold
matter. However, for Skyrme interactions belonging to groups IV
and V (for these two groups m∗n > m∗p), the TrTDSE phenomenon
may occur at a certain density, which makes the symmetry en-
ergy at high density stiffer. To explore the correlation between
the neutron and proton EFM splitting and the temperature depen-
dence of the symmetry energy in hot nuclear matter, we introduce
the ratio Rm between the nucleon EFM in NM and that in SM,
which is directly related to the neutron and proton EFM splitting
in asymmetric matter and the ratio Rτ between the increasing of
the kinetic-energy density from T = 0 to T = T in NM and that
in SM. The effect of the EFM splitting on Rτ is indirect, but for
some Skyrme interactions, it can be ampliﬁed compared with that
on Rm . The TrTDSE phenomenon can occur at high densities only
for those Skyrme interactions with Rm/Rτ <1 in the groups IV and
V and it ultimately causes the trend of the density dependence of
the symmetry energy to be stiffer in hot matter. The onset density
of TrTDSE depends on the magnitude of R0m . The larger R
0
m is, the
lower the onset density of TrTDSE is. Finally, we would stress that
the symmetry energy in hot nuclear matter depends on both the
symmetry potential and the splitting of the neutron and proton
EFM. Therefore, the study of the temperature dependence of the
symmetry energy in addition to its density dependence is a mat-
ter of signiﬁcance for extracting the symmetry potential and also
the splitting of the neutron and proton EFM in asymmetric nuclear
matter.
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